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Experimental study of the electronphonon interaction (EPI) spectra of zirconium was carried
out using Yansons point-contact (PC) spectroscopy. The EPI spectral function and constant were
determined. Both homocontacts (Zr − Zr) and heterocontacts (Zr − Cu, Zr − Ag, and Zr − Au)
were studied. No contribution by copper, silver or gold to the heterocontact spectra was detected.
The positions of five phonon features of the EPI function were observed at energies 5-6, 9-11, 13-15,
18-20, and 27-29 meV . The observed diversity of the PC spectra was attributed to the anisotropy
of Zr.
PACS numbers: 71.38.-k, 73.40.Jn, 74.25.Kc, 74.45.+c
I. INTRODUCTION
The spectral functions (SF) of electron-phonon inter-
action (EPI) (e.g., thermodynamic, E´liashberg function,
transport, microcontact, etc.) are the most detailed char-
acteristics of the electron-phonon interaction: they define
the renormalization of the electron energy spectrum of
metals as well as many of the most important observable
properties. The SFs of EPI are related to the phonon
density of states (PDS), which makes their study also
important from the perspective of the crystal lattice dy-
namics.
To date, the experimental data on different kinds of
the SF of EPI in transition metals with a complex crys-
tal lattice are limited to point-contact (PC) spectroscopy
data [1, 2] for Co, Tc,Re,Ru, and Os. Attempts to re-
construct the pointcontact EPI functions for group-IVb
hcp metals - Ti, Zr and Hf - were hindered by unfa-
vorable physical and chemical properties of these ele-
ments (rapid formation of a strong oxide layer on the
surface of each of the two electrodes designed to create
a pressed point contacts). In our studies we used two
different approaches to overcome these technical difficul-
ties. In the first approach, heterocontacts Zr - noble
metal (Cu,Ag,Au) were created. In this case only one
surface of a Zr-electrode ends up in the region of the
point contact between the two electrodes. In addition, we
performed forming of these heterocontacts under a cur-
rent load [3]. The second approach [4] involved the use
of break junctions [5], when an elongated sample with a
thinning (notch) in the middle portion was first broken
under liquid helium and then a contact between clean
non-oxidized surfaces was established.
The aim of the present work is to obtain the point-
contact EPI function and its numerical characteristics in
α − Zr based on experimental data. Unfortunately, the
utility of the theoretical calculation of the SF of EPI for
Zr reported in Ref. [4] is very limited due to the fact that
the calculated graphs have been presented in the coordi-
nates of f(ω/ωmax) (ωmax is the maximum frequency of
the phonon spectrum).
II. EXPERIMENTAL METHODS
The electrodes were prepared from a polycrystalline
material obtained by high-vacuum melting of zirco-
nium iodide using an electron beam gun. Polycrys-
talline copper, silver and gold with the resistance ratio
R300K/R4.2K of about several hundreds were also used.
The electrodes measuring 1.5× 1.5× 10 mm were spark-
cut and chemically polished. They were then washed in
distilled water, dried and mounted in the setup for form-
ing microcontacts [6]. The contacts were formed using
the shear method [7] with electroforming as described
in detail in Ref. [3]. The optimal point-contact resis-
tance, at which the spectra showed the maximum inten-
sity and the minimum background, was typically about
several tens of Ohms. The EPI spectra, which are pro-
portional to the second derivative of the current-voltage
characteristics (CVC), were measured using the modula-
tion method at acoustic frequencies at 4.2 K.
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2III. PROCESSING OF THE MEASUREMENT
DATA
The relation between the nonlinearities of the point-
contact CVC in the normal state, which arise due to
the inelastic scattering of electrons in the contact region,
and the EPI spectrum are determined by the fundamen-
tal equation of the Yanson theory of point-contact spec-
troscopy. Taking into account the background term, it
can be written as [2]
d2I
dV 2
(V ) = −4pie
3
h¯
n(εF )Ωeff〈K〉[gpc(ω) +B(ω)]|ω=eV/h¯.
(1)
Here, d2I/dV 2(V ) is the voltage dependence of the sec-
ond derivative of the contact CVC, gpc(ω) is the point-
contact EPI function, B(ω) is the background function,
n(εF ) is the density of electron states at the Fermi level
for a specific spin direction, e is the elementary charge,
Ωeff is the effective volume of the phonon generation in
the contact, K is the unnormalized point-contact form
factor, and the angle brackets denote averaging over the
entire Fermi surface (FS). The presence of the back-
ground function reflects the fact that the second deriva-
tive of the CVC is non-zero for eV > h¯Ωmax, while
the EPI function should be identically zero beyond the
phonon spectrum edge. The quantities Ωeff and 〈K〉 de-
pend on the geometry and cleanliness of the contact, and
in addition, K also depends on the orientation of the con-
tact axis with respect to the crystallographic directions
in the metal. Equation (1) can be expressed through
the experimentally measurable characteristics in the form
suitable for reconstructing the EPI function gpc(ω) [8]:
gpc(ω) +B(ω) = CV˜2(V )V
−2
1,0 R
1/2
0 |V=h¯ω/e. (2)
Here, V˜2(V ) ∝ d2I/dV 2(V ) and V1,0 ∼ dV/dI and R0 are
the modulating voltage V1(V ) and the resistance of the
point contact R for V → 0. The dimensional constant C
is defined for the model of a clean round aperture in the
approximation of the isotropic quadratic dispersion law
of electrons as
C = −3
8
(
h¯
2pi
)1/2
kF vF , (3)
where kF and vF are the Fermi wave vector and the
Fermi velocity, respectively. For Zr, the values of kF
and vF were calculated from low-temperature lattice con-
stants [9] c/a = 5.141 A˚/3.229 A˚ using the relation [10]
kF = (3pi
2Z/Ω)
1/3
, where Z is the number of conduction
electrons per unit cell and Ω is the volume of the unit
cell (for hcp lattice Ω = (
√
3/2)a2c). Using Z = 1.2
for Zr [11], we obtain kF = 0.915 × 10−8 cm−1 and
vF = 1.06× 108 cm/s.
Since in the experiment the voltage at the sec-
ond harmonic of the modulating current was measured
V2(V ) ∝ dV 2(V )/d2I, this dependence is recalculated
into V˜2(V ) ∝ d2I(V )/dV 2, according to the theorem
about the derivative of an inverse function. The back-
ground function in Eq. (1) was chosen as in Ref. [12].
When assessing the effective contact diameter from the
resistance, it is convenient to use the Sharvin equation
for the case of spherical FS and ballistic regime, written
in the form
d =
4
ekF
(
pih¯
R0
)1/2
. (4)
IV. EXPERIMENTAL RESULTS
We studied both homocontacts Zr − Zr and hetero-
contacts Zr − Cu, Zr − Ag, and Zr − Au. Despite the
fact that the interpretation of the homocontact spectra
is much simpler and does not involve many assumptions
required for the processing of the heterocontact spectra,
the use of the latter for reconstructing the EPI function in
zirconium was completely justified. As for Ta contacts
[3] the contribution of the noble metals is not observ-
able in the heterocontact spectra. This is due not only
to their lower intensity, but also the peculiarities of the
summation of the partial contributions into the resulting
spectrum of a heterocontact.
The heterocontact spectrum does not coincide with the
half-sum of the contributions from the homocontact spec-
tra of the same diameter. This is due to the fact that the
point-contact form factors of metals with different mo-
menta in the heterocontact are not equal to each other
and therefore do not match the form factor of the homo-
contact. In a metal with a greater pF , the relative phase
volume of nonequilibrium occupied states is lower due to
the reflection of electron trajectories from the interface,
resulting in a relative increase of the inelastic relaxation
time τε, while the intensity of the PC spectrum is pro-
portional to d/vF τε.
In other words, in a heterocontact, the contribution of
a metal with a lower Fermi momentum to the resultant
spectrum will be greater than the half of the spectrum
3FIG. 1: Point-contact EPI spectra V2 ∼ d2V/dI2, T=4.2 K:
V1(0) = 0.55(1); 0.89(2); 0.763(3); 0.878(4); 1.028(5);
1.196(6); and 0.655(7) mV .
corresponding to a homocontact of the same diameter;
conversely, for a metal with a large momentum, it is,
respectively, less.
It should be also noted that the PC spectrum of a
heterocontact is symmetrical with respect to the polarity
of the applied voltage, and at T = 0 can be represented
as the sum of the PC spectra of each of the contacting
metals.
The intensity ratio of the PC spectra of metals forming
the heterocontact does not depend on the elastic scatter-
ing path of electrons. Introducing impurities in one metal
also reduces the partial contribution to the PC spectrum
of the clean one [13].
Let us estimate the expected contribution of gold to
the spectrum of a Zr − Au heterocontact in the free-
electron approximation (due to similar Fermi parameters
for Ag and Cu, the result for this pair with Zr should be
similar).
As follows from Ref. [13], the intensity ratio of the
FIG. 2: Point-contact EPI spectra V2 ∼ d2V/dI2, T=4.2 K
(except curve 6): V1(0) = 0.55(1); 1.213(2); 1.355(3);
0.778(4); 0.933(5) mV ; curve 6 was acquired at V1(0) =
0.45 mV , T = 1.6 K.
partial contributions to the heterocontact spectrum is
L =
(
d2I
dV 2
)
1
/( d2I
dV 2
)
2
=
vF2
vF1
(
pF2
pF1
)2
g
(1)
pc
g
(2)
pc
. (5)
Since a similar relation has been obtained in Ref. [13] for
model metals with the same shape and absolute inten-
sity of the PC function of EPI but with different Fermi
velocities and momenta, the factor g
(1)
pc /g
(2)
pc is absent in
Ref. [13].
The absolute intensity of the PC function of EPI (Fig.
3) that we obtained for zirconium homocontacts in the
freeelectron approximation for gZrpcmax = 0.34, g
Au
pcmax =
0.079 [2], vZrF = 1.06× 108 cm/s, vAuF = 1.4× 108 cm/s,
kZrF = 0.915×10−8 cm−1, kAuF = 1.21×10−8 cm−1 yields
the contribution of gold to the spectrum of the hetero-
contact LAu ' 0.1. Note that this is the upper-bound
estimate. While sufficiently large statistics has been ac-
cumulated for gold and the intensity of its EPI function
4FIG. 3: Point-contact EPI spectra V2 ∼ d2V/dI2, T=4.2 K:
V1(0) = 0.516(1); 1.633(2); 1.646(3); and 1.648(4) mV .
has been determined with high confidence, it is not the
case for Zr. As follows from Fig. 1, the spectrum from
which the EPI function of zirconium was restored is char-
acterized by a high level of background, which is not typ-
ical for ballistic point contacts. Thus, it is likely that an
improved technology and/or the use of high-quality single
crystals for the electrodes can enable obtaining more in-
tense spectra. The importance of technology can be seen
by comparing the value of the EPI function obtained in
the previous study [4] using the break-junction technique
with the present data. Despite the use of high-quality sin-
gle crystal Zr for the electrodes in Ref. [4], the intensity
of the EPI functions they have obtained is 9-fold lower
(cf. curves 1 and 5 in Fig. 9).
The main advantage of heterocontacts is significantly
higher quality of their spectra. First, the background
level is several times smaller (see Fig. [1]). Second,
the phonon structure is much better visible, especially in
the high-frequency region. A higher yield of high-quality
FIG. 4: Point-contact EPI spectra V2 ∼ d2V/dI2,
T=4.2 K: V1(0) = 0.557(1); 1.062(2); 0.751(3); 1.06(4); and
1.777(5) mV .
spectra compared to homocontacts should also be noted.
Thus, for determining as accurately as possible the EPI
function for many transition metals, heterocontacts with
noble metal represent a preferred alternative to homo-
contacts.
All the obtained spectra may be divided into three
groups. The most numerous group is shown in Figs. 1
and 2. As can be seen in these figures, there are two
major maxima present in the spectra in the regions 9-11
and 18-20 meV . In addition, many spectra also exhibit
a soft mode around 4− 6 meV . These figures also show
the spectra of homocontacts of Cu, Ag, and Au for com-
parison. Despite the fact that some phonon features in
the spectra of noble metals and Zr heterocontacts are
sufficiently close in energy, the overall shape of the het-
erocontact spectra is markedly different from those of
noble metals. The spectrum edge for this group is in the
vicinity of 25 meV .
The second group of spectra is shown in Fig. 3. As in
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Zr–Zr, R = 43 Ohm
Zr–Cu, R = 45 Ohm
Zr–Cu, R = 45 Ohm
Zr–Cu, R = 41.7 Ohm
Zr–Cu, R = 43.75 Ohm
Zr–Cu, R = 62.5 Ohm
eV, meV
FIG. 5: Point-contact EPI function reconstructed from the
spectra in Fig. 1: λ=0.66(1); 0.34(2); 0.36(3); 0.46(4);
0.16(5); and 0.18(6).
the previous case, there are two major maxima present in
the spectra but at energies of 5-6 and 13-15 meV. There
are no features in the spectra that could match the ener-
gies of those in Ag and Au, forming the heterocontacts.
The spectrum edge for this group is in the vicinity of
20 meV.
The third group is presented in Fig. 4. The positions
of phonon features and the shape of the spectra vary
widely in this group, covering the previous cases. The
hallmark of this group is the presence of a high-frequency
maximum at 27-29 meV . The phonon spectrum edge is
located at about 31 meV .
Figures 5, 6, 7, and 8 display the EPI functions recon-
structed from the graphs in Figs. 1, 2, 3, and 4, respec-
tively. All the values of gpc and λ reported in the captions
to Figs. 5-9 for the cases of heterocontacts were calcu-
lated in the same way as for the Zr − Zr homocontacts
of the same resistance.
In order to determine gpc and λ in a Zr -heterocontact
more accurately, a correction factor can be estimated:
FIG. 6: Point-contact EPI function reconstructed from the
spectra in Fig. 2: λ=0.295(1); 0.103(2); 0.45(3); and 0.285(4).
Kcorr =
λgetpc
λgompc
=
ggetpc
ggompc
=
2 〈KZr〉 dZr
〈K0〉 dget . (6)
Here 〈K0〉 and 〈KZr〉 are the form factors for homo-
and heterocontacts averaged over the Fermi surface and
dZr and dget are the diameters of homo- and heterocon-
tacts, respectively. The factor 2 in the numerator is in-
troduced to account for two-fold lower phonon generation
in Zr heterocontact compared to the homocontact of the
same diameter.
When calculating the diameter of the heterocontact on
the zirconium side, we use the expression [3]
dget = dZr
[
2〈α1D (α1)〉VZ>0
]−1/2
. (7)
Let us denote pF1/pF2 = b and vF1/vF2 = c and assume
b, c < 1. Then
D(α1) =
4bα1
√
α21 + b
−2 − 1
c
(
α1 +
b
c
√
α21 + b
−2 − 1
)2 , (8)
6eV, meV
.
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.
.
.
.
Zr–Au, R = 100 Ohm
Zr–Au, R = 32 Ohm
Zr–Ag, R = 60 Ohm
Zr–Ag, R = 65 Ohm
FIG. 7: Point-contact EPI function reconstructed from the
spectra in Fig. 3: λ=0.085(1); 0.053(2); 0.04(3); and 0.084(4).
2〈α1D(α1)〉VZ>0 = 2
1∫
0
α1D(α1)dα1 . (9)
Now we write the expression for the form factors of a
clean heterocontact [13]
Ks (p,p
′) =
D(ps = p)D(ps = p
′)
4〈αD(α)〉s
K0 (p,p
′) , (10)
where K0(p,p
′) are the form factors of clean homocon-
tacts, same for both metals, and Ks(p,p
′) are the form
factors of zirconium and the noble metal.
To determine the average form factor of zirconium het-
erocontacts in ballistic mode, it is first necessary to cal-
culate the numerator of Eq. (10)
As=Zr = 〈D12(ps = p)D12(ps = p′)K0s(ps,p′)〉Vz>0
In the aperture model [13]
K0s = K0 (p,p
′) =
|vzv′z| θ(−vzv′)
|vzv′ − v′zv| , (11)
Zr–Au, R = 54 Ohm
Zr–Cu, R = 55 Ohm
Zr–Cu, R = 19.5 Ohm
Zr–Au, R = 32 Ohm
Zr–Au, R = 130 Ohm
eV, meV
.
.
.
.
.
.
.
.
FIG. 8: Point-contact EPI function reconstructed from the
spectra in Fig. 4: λ=0.115(1); 0.254(2); 0.367(3); 0.138(4);
and λ = 0.124(5).
where θ is the Heaviside function.
For a spherical Fermi surface, after rearrangement we
obtain [3]
A = 16
1∫
0
dx
1∫
0
dy
xD(α1 = x)D(α1 = y)
(m+ n)
2
∣∣∣∣∣ , y > x,
(12)
n =
(
1− x2)1/4 + (1− x2/y2)1/4 ,
m =
{
8
[
(1− x2)
(
1− x
2
y2
)]1/4
×
×
[
(1− x2)1/2 +
(
1− x
2
y2
)1/2]}1/4
.
Assuming b = c = 0.673 for the couple Zr−Cu, we ob-
tain A = 0.19 and
[
2〈α1D(α1)〉VZ>0
]−1/2
= 0.86, hence
KCucorr = 1.77 For Zr−Ag and Zr−Au heterocontacts b
7eV, meV
Zr–Zr, R = 43 Ohm
.
.
.
.
.
.
.
.
.
.
Zr–Cu, R =41.7 Ohm
Zr–Au, R = 100 Ohm
Zr–Cu, R = 19.5 Ohm
Zr–Zr, R = 38 Ohm
FIG. 9: Curves 1-4 are the point-contact EPI functions, se-
lected from Figs. 5-8, which presumably correspond to differ-
ent crystallographic directions: λ=0.66(1), 0.46(2), 0.085(3),
and 0.367(4). Curve 5 shows the EPI function from Ref. 4
with the contact axis aligned to the crystallographic c-axis
of Zr, λ=0.055. Curve 6 shows the function of the phonon
density of states (data from neutron measurements [14]).
and c are approximately equal. Assuming b = c = 0.76,
we obtain A = 0.21 and
[
2〈α1D(α1)〉VZ>0
]−1/2
= 0.9,
then KAg,Aucorr = 1.87.
Thus, given the correction coefficients, the maximum
values for the Zr − Cu heterocontacts are: λ = 0.81,
gmaxpc = 0.5 (Fig. 5, panel 4 and Fig. 9, panel 2; R =
41.7 Ω). Accordingly, for Zr − Ag we have: λ = 0.84,
gmaxpc = 0.51 (Fig. 6, panel 3; R = 42 Ω). Finally, for
Zr − Au: λ = 0.55, gmaxpc = 0.38 (Fig. 6, panel 1; R =
85 Ω). Recall that for the Zr − Zr homocontact we
obtained: λ = 0.66, gmaxpc = 0.34 (Fig. 5, panel 1 and
Fig. 9, panel 1; R = 43 Ω).
The fact that the refined values for the Zr − Cu and
Zr−Ag heterocontacts turned out to be very close to each
other indicate that the technological limits are reached
and these contacts are apparently in the ballistic limit.
Somewhat lower values for the couple Zr−Au reflect the
fact that a smaller number of these spectra were consid-
ered.
Thus, the use of heterocontacts allowed not only to
refine the position of the phonon features in the spectra,
but also to refine the value of the constant λ and the EPI
function gpc.
Note that this refinement factor, in addition to a spher-
ical Fermi surface, assumes a geometrically symmetric
heterocontact with a flat (mirror) boundary between the
two sides. Therefore, any numerical values obtained with
these coefficients are just estimates.
Finally, Fig. 9 shows all of the above types of point-
contact EPI functions grouped together for clarity; they
are apparently related with different orientations of the
contact axis with respect to the crystallographic direc-
tions in the Zr electrode. The figure also shows the EPI
function reconstructed in Ref. [4]. For the latter, it is
known that the direction of the point-contact axis was
aligned to the c-axis of the single crystal of Zr. Note that
the EPI function (curve 1 in Fig. 8) virtually matches
its shape indicating the same orientation of the contact
axis. It is interesting that curve 4 in Fig. 9 includes all
the five features occurring in different types of spectra.
The last panel in Fig. 9 shows the function of the phonon
density of states (curve 6). Unfortunately, as polycrys-
talline electrodes were used in the experiments, it is not
possible to determine the direction of the point-contact
axes. However, since most of the spectra exhibit features
in the regions 9-11 and 18-20 meV , which coincides with
the function of the phonon density of states, we can as-
sume that these phonon modes dominate for the majority
of the crystallographic directions.
V. SUMMARY
1. Both Zr − Zr homocontacts and heterocontacts
of Zr and noble metals, Cu, Ag, and Au, were
employed for the experimental study of the EPI
in α-zirconium using Yansons point-contact spec-
troscopy.
2. It was found that the contribution of noble metals
to the PC spectra of Zr−Cu, Zr−Ag, Zr−Au het-
erocontacts (second derivative of the CVCs) is not
observable. In comparison with the characteristics
of Zr homocontacts, the heterocontact spectra have
a lower background and sharper high-frequency fea-
tures.
83. From the experimental data, the graphs of the
pointcontact EPI function were reconstructed, its
absolute values were determined, and the value of
the EPI constant was estimated. Manifestations of
the anisotropy of the EPI spectrum in zirconium
were observed.
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